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Abstract
We study 5d N = 2 maximally supersymmetric Yang-Mills theory with a gauge
group G on S2 ×M3, where M3 is a 3-manifold. By explicit localization computa-
tion we show that the path-integral of the 5d N = 2 theory reduces to that of the
3d GC Chern-Simons theory on M3, where GC is the complexification of G. This
gives a direct derivation of the appearance of the Chern-Simons theory from the
compactification of the 6d (2, 0) theory, confirms the predictions from the 3d/3d cor-
respondence for G = SU(N), and suggests the generalization of the correspondence
to more general gauge groups.
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1 Introduction
We have learned over the past a few years that there exists beautiful correspondence
(3d/3d correspondence) between supersymmetric 3d N = 2 theories and the geom-
etry of 3-dimensional manifolds [1–4]. (See also related earlier works [5–7]) 1 The
correspondence states that for a given 3-manifold M3 there exists a corresponding 3d
N = 2 theory T [M3] defined from the compactification of the 6d AN−1 (2, 0) theory
on M3, and that the S
3 partition function [11–13] or the S1 × S2 index [14, 15] of
the 3d N = 2 theory T [M3] coincides with the either full or holomorphic partition
function of the SL(N,C) Chern-Simons theory on M3.
While there have already been many works on this subject, the identification of
the 3d N = 2 theory tends to rely on indirect physical and mathematical arguments,
and there are often restrictions on the choices of M3. It is thus highly desirable to
directly verify the claim that the compactification of the 6d (2, 0) theory gives rise to
the 3d SL(N,C) Chern-Simons theory on M3.
In this paper we study 5d N = 2 maximally supersymmetric Yang-Mills (SYM)
theory with a gauge group G on S2×M . This is the dimensional reduction of the 6d
(2, 0) theory on S1×S2×M .2 We show directly by supersymmetric localization that
1See also the generalization [8] and the related proposals in [9, 10].
2For non-simply-laced gauge groups we need to turn on appropriate twists along the S1 direction.
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the partition function of the 5d N = 2 theory with a gauge group G reduces to the
partition function of the 3dGC Chern-Simons theory, whereGC is the complexification
of the gauge group G:
Z5d G SYM[S
2 ×M3] = Z3d GC CS[M3] . (1.1)
Let us denote the 5d gauge coupling constant by g, and the radius of S2 by r.
Both of these parameters are dimension-full, and we find in the correspondence (1.1)
that their dimension-less combination r
g2
is identified with the complexified level t of
the Chern-Simons theory by
i t =
8π2r
g2
. (1.2)
The right hand side of (1.1) is independent of the size of the manifoldM3 since Chern-
Simons theory is a topological theory. We also find that there is no dependence on
the size of M3 on the left. The fact that the level t is pure imaginary is consistent
with the result in [4] where the imaginary part of the level is identified as the chemical
potential of the 3d superconformal index.
Our computation can be thought of a higher-dimensional lift of the 2d localization
on S2 [16–18] as well as the localization of the 4d twisted N = 4 Yang-Mills on I×M3
[19,20] (see appendix A for the latter). For G = SU(N) we have GC = SL(N,C) and
our results can be regarded as the derivation of the 3d/3d correspondence existing in
the literature, when the 3dN = 2 theory on S2×S1 is dimensionally reduced along the
S1.3 While the precise formulation of the 3d/3d correspondence is currently unknown
for other gauge groups, our result (1.1) strongly suggests such generalizations.
The rest of this paper is organized as follows. In section 2 we introduce the
Lagrangian and the supersymmetry (SUSY) transformations of the 5d N = 2 theory
on S2 × M3 partially topologically twisted along the M3. In section 3 we add a
Q-exact term to the Lagrangian and show that classical saddle point configurations
reproduce the classical action of the complex Chern-Simons theory, while the one-
loop determinant is independent of the position of the saddle point. In section 4 we
conclude with some supplementary remarks on our results.
We also include three appendices. In appendix A we summarize the 3d SL(N,C)
Chern-Simons theory and its relation with the 5d N = 2 SYM and the 6d (2, 0)
theory. In appendix B we study 5d N = 1 SYM on S2 × M3, highlighting the
differences from the similar analysis for the 5d N = 2 SYM in section 2. In appendix
3Our work is similar in spirit to the work of [21, 22], which discuss 5d SYM on a product of S3
and a 2d Riemann surface and obtained 2d q-deformed Yang-Mills theory. This is consistent with
the results of [23] and its reduction [24].
2
C we review the construction of 2d N = (2, 2) theory with a twisted vector multiplet
and charged twisted chiral multiplets.
Note Added: During the preparation of this paper we have been notified that Daniel L.
Jafferis and Clay Cordova have been working on closely related projects, and we have
coordinated submission of our papers. Towards the completion of this project we
received the paper [25], which also discuss 5dN = 2 SYM on S2×M3 and obtained 3d
TQFT closely related with the 3d Chern-Simons theory. The computational methods,
the Lagrangian as well as the resulting expressions, however, seem to be different from
ours.
2 5d N = 2 SYM on S2 ×M3
In this section we study the Lagrangian and the supersymmetry transformations of
the 5d N = 2 supersymmetry on S2 × M3, partially topologically twisted along
M3.
4 As will be argued shortly, the supersymmetry algebra of the theory is given
by SU(2|1) which contains SU(2) charge generating the isometries of S2 and U(1)R
R-symmetry charge. Let us first present various facts which are consistent to the
supersymmetry algebra SU(2|1).
This theory originates from the 6d (2, 0) theory on S1 × S2 × M3. Upon the
compactification along M3, it is expected from the 3d/3d correspondence to have
the superconformal index of a certain 3d N = 2 theory. It is therefore natural to
require the supersymmetry algebra to be parameterized by the six-dimensional Killing
spinors on S1 × S2 and constant spinors on M3. The reduction along S1 to obtain
the 5d gauge theory breaks Sp(4), the R-symmetry group in the flat space, down to
SO(3)R × SO(2)R. This is because the 6d Killing spinors depend on the circle. One
also has to twist the 5d theory with SO(3)R to admit constant spinors on the curved
manifold M3 (cf. [26, 27]).
Thus, the Lorentz group and R-symmetry group of the 5d gauge theory on S2×M3
should be SU(2) and U(1). One can further show that the quarter of sixteen su-
percharges can survive after the topological twisting. These facts are consistent to
SU(2|1). In fact, this SU(2|1) supersymmetry can be identified with the supersym-
metry of the 2d N = (2, 2) theory on S2 [16, 17] obtained from the dimensional
reduction along the curved manifold M3.
As a side remark, one might naively imagine the following two-step procedure:
First construct a physical 5d gauge theory on S2 ×R3. Then, topologically twist the
theory alongM3, when we replace R
3 by a curved 3-manifoldM3. By a physical theory,
4From now on, N = 1 or N = 2 refers to the numbers of supercharges that theories under study
preserves in the flat space.
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we mean a theory which does not involve any topological twisting and preserves
at least minimal supersymmetry, i.e., eight supercharges. We present explicitly in
appendix B a physical theory on S2 × R3 which is different to what we construct in
section 2.1. However, as soon as we place the theory on M3 with a suitable twist,
the R-symmetry is completely broken. It implies that such a physical theory has no
chance to preserve SU(2|1) after the topological twisting, which does not fit with the
3d/3d correspondence.
Without further ado, we present the explicit Lagrangian for the 5d N = 2 SYM
on S2 ×M3 preserving SU(2|1) supersymmetry.
2.1 Lagrangian
Let us first summarize our conventions. We use the indices M,N, · · · (A,B, · · · ) for
the spacetime (internal space) indices which runs from 1 to 5, while I, J, · · · for Sp(4)
R-symmetry indices. We use the following representations for the five-dimensional
gamma matrices ΓM for the spacetime, and ΓˆA for the internal space:
Γm = γm ⊗ 12 (m = 1, 2) ,
Γµ = γ3 ⊗ γµ (µ = 1, 2, 3) ,
Γˆµ = γµ ⊗ γ3 (µ = 1, 2, 3) ,
Γˆi = 12 ⊗ γi−3 (i = 4, 5) , (2.1)
where γm = (τ 1, τ 2), γµ = (τ 1, τ 2, τ 3) and τi are Pauli matrices. The charge conjuga-
tion operator C and the Sp(4)R invariant tensor Cˆ
IJ are given by
C =
(
τ 1
)ab ⊗ ǫa˙b˙ ,
Cˆ = ǫαβ ⊗ (τ 1)α˙β˙ , (2.2)
where I = (a, a˙) (I = (α, α˙)) denote the five-dimensional spinor indices (Sp(4) R-
symmetry indices). Each of these indices a, a˙, α and α˙ is raised and lowered by the
antisymmetric tensor ǫab, ǫa˙a˙, ǫαβ and ǫα˙β˙ with ǫ12 = −ǫ12 = 1. Our convention for
bilinear of 5-dimensional spinors is
ελ = −εICIJλJ , εΓMλ = −εI(CΓM)IJλJ , etc. (2.3)
On Flat R5 Let us begin with the maximally supersymmetric Yang-Mills theory
in flat R5. The N = 2 vector multiplet contains a gauge field AM , scalar fields φA in
4
5 of Sp(4), and gaugino fields λI . The Lagrangian is given by
LR5 = 1
g2
tr
[
1
4
FMNF
MN +
1
2
(DMφA)
2 +
i
2
λICˆ
IJΓMDMλJ − 1
4
[φA, φB]
2
− i
2
λI(CˆΓˆ
A)IJ [φA, λJ ]
]
. (2.4)
This is invariant under the following on-shell SUSY transformation rules5
δAM = iεICˆ
IJΓMλJ ,
δφA = εI(CˆΓˆA)
IJλJ ,
δλI = −1
2
ΓMNεIFMN + iΓ
M(ΓˆAε)IDMφA +
i
2
(ΓˆABε)I
[
φA, φB
]
, (2.5)
where we used
FMN = ∂MAN − ∂NAM − i[AM , AN ] ,
DMσ = ∂Mσ − i[AM , σ] . (2.6)
On-Shell SUSY on S2 ×M3 From the 3d/3d correspondence we expect that the
supersymmetry parameters εI for the theory on S
2 ×M3 should be a Killing spinor
on S2 and a constant spinor on M3 satisfying
∇mεI = − i
2r
ΓmΓ12εI , ∇µεI = 0 . (2.7)
In order to have a constant spinor on a curved three-manifold M3, one suitably twists
the theory with SO(3)R subgroup of Sp(4) (cf. [26,27]). Let us denote by SO(3)twist
the diagonal subgroup of the SO(3) local Lorentz group on M3 and the SO(3)R.
The leftover SO(2)R is then identified as the U(1)R R-symmetry of the SU(2|1)
supersymmetry algebra on S2. Under the symmetry group SO(3)twist×U(1)R, various
fields can be decomposed as follows
AM : 10 ⊕ 30 ≡ Am ⊕Aµ ,
λI : 1±1 ⊕ 3±1 ≡
(
λ, λ¯
)⊕ (ψµ, ψ¯µ) ,
φA : 1±2 ⊕ 30 ≡ ϕ± ⊕ φµ ,
(2.8)
while the supersymmetry parameters can be decomposed as
εI : 1±1 ⊕ 3±1 . (2.9)
5This can be derived by the dimensional reduction of the on-shell SUSY transformation for the
10d N = 1 SYM theory.
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The SU(2|1) supersymmetry of our interest can be parameterized by the singlets
(ξ, ξ¯) under the SO(3)twist, which takes the following form
(
εI
)
aa˙
=
i
2
ǫa˙α
(
ξa ⊗ ε+α˙ − (γ3ξ¯)a ⊗ ε−α˙
)
, (2.10)
where ξ and ξ¯ satisfy the Killing spinor equation on the two-sphere
∇mξ = + 1
2r
γmγ
3ξ , ∇mξ¯ = − 1
2r
γmγ
3ξ¯ , (2.11)
and
ε+ =
(
1
0
)
, ε− =
(
0
1
)
. (2.12)
For later convenience, let us Define ϕ± = φ
4 ∓ iφ5, Aµ = Aµ + iφµ and
ǫa˙αλaa˙αα˙ ≡ i
(
λa ⊗ ε+α˙ − (γ3λ¯)a ⊗ ε−α˙
)
,
(ǫγµ)a˙α λaa˙αα˙ ≡
(
ψµa ⊗ ε+α˙ − (γ3ψµ)a ⊗ ε−α˙
)
. (2.13)
In terms of new variables, the on-shell SUSY variation of the fields on S2 ×M3 are
given by
δAm = −1
2
(
ξγmλ¯ + ξ¯γmλ
)
,
δϕ+ = −ξγ3λ ,
δϕ− = +ξ¯γ
3λ¯ ,
δλ = (iF12 + iD
µφµ) γ
3ξ + iγmγ3Dm(ξ¯ϕ+) +
i
2
[
ϕ−, ϕ+
]
ξ , (2.14)
and
δAµ =− ξγ+ψ¯µ − ξ¯γ−ψµ ,
δψµ =− iγmγ3ξFmµ + γmξDmφµ +Dµϕ+ξ¯ + γ3ξ¯[ϕ+, φµ]
+
[
1
2
ǫµνρ
{
F νρ + i(Dνφρ −Dρφν)γ3 + i[φν , φρ]}
]
ξ , (2.15)
where γ± =
1
2
(1 ± γ3). Note here that we add 1/r-correction terms in the SUSY
variation rule for the fermion field λ. Our convention for bilinear of 2-dimensional
spinors is ξ¯λ = ξaλa = −ξaǫabλb, ξ¯γmλ = −ξa(ǫγm)abλb and so on.
The SU(2|1) invariant Lagrangian on S2 ×M3 is then given by
L = LR5 + 1
4rg2
(LCS(A)− LCS(A¯))+ i
2rg2
tr
[
λ¯γ3λ
]
(2.16)
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with
LCS(A) = ǫµνρtr
[
Aµ∂νAρ − 2
3
iAµAνAρ
]
. (2.17)
As commented at the beginning of this section, the Lagrangian of the physical (i.e.,
non-twisted) SYM on S2 × R3 constructed in appendix B can not be embedded into
the above Lagrangian of our interest.
Off-Shell SUSY on S2 × M3 In the next section, we shall use the localization
method to reduce the path integral of the 5d N = 2 theory on S2 × M3 down to
that of a 3d theory on M3. We need the off-shell supersymmetry for this purpose.
Introducing an auxiliary field D whose on-shell value becomes
D = −iDµφµ , (2.18)
and three complex auxiliary fields Gµ whose one-shell values are
Gµ =
1
2
ǫµνρF¯νρ , (2.19)
the off-shell SUSY transformation rules are given by
δAm = −1
2
(
ξγmλ¯+ ξ¯γmλ
)
,
δϕ+ = −ξγ3λ ,
δϕ− = +ξ¯γ
3λ¯ ,
δλ = (iF12 −D) γ3ξ + iγmγ3Dm(ξ¯ϕ+) + i
[
ϕ−, ϕ+
]
ξ ,
δD =
i
2
(
Dm(ξγ
mγ3λ¯− ξ¯γmγ3λ) + [ϕ+, ξ¯λ¯] + [ϕ−, ξλ]
)
, (2.20)
and
δAµ =− ξγ+ψ¯µ − ξ¯γ−ψµ ,
δψµ =− iγmγ3ξFmµ + γmξDmφµ +Dµϕ+ξ¯ + γ3ξ¯[ϕ+, φµ] +
(
G¯µγ+ +Gµγ−
)
ξ ,
δGµ =+ iξγ
mγ+Dmψ¯µ + ξγ−Dµλ¯+ iξ¯γ
µγ−Dmψµ + ξ¯γ+Dµλ
+
[
φµ, ξγ−λ¯+ ξ¯γ+λ
]
+ i
[
ϕ+, ξ¯γ+ψ¯µ
]
+ i
[
ϕ−, ξγ−ψµ
]
. (2.21)
The commutator [δη, δε] reads
[
δ1, δ2
]
= −iLv +Gauge(γ) + Lorentz(Θ) + U(1)R(α) , (2.22)
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where
Lv = vM∂M = 2ξ¯1γmξ2∂m ,
γ = ivMAM + 2ξ¯1γ
3ξ¯2ϕ+ − 2ξ1γ3ξ2ϕ− ,
Θ = −2
r
ξ¯1ξ2 ,
α =
1
r
ξ¯1γ
3ξ2 . (2.23)
It is illustrative to rewrite the bosonic part of the on-shell Lagrangian (2.16) in the
off-shell SUSY invariant form,
Lb = Ltv + Ltc + LW + LW¯ , (2.24)
where
Ltv =tr
[
+
1
2
(F12)
2 +
1
2
Dmϕ+Dmϕ− +
1
8
[
ϕ+, ϕ−
]2
+
1
2
D2
]
,
Ltc =tr
[
+
1
2
(Fmµ)
2 +
1
2
(Dmφµ)
2 +
1
2
Dµϕ−Dµϕ+ − 1
2
[φµ, ϕ+][φµ, ϕ−]
+
1
2
G¯µG
µ + iD(Dµφµ)
]
,
LW =tr
[
− i
2
∂
∂AµW (A
µ)Gµ
]
+ i
1
2r
W (Aµ) ,
LW¯ =tr
[
− i
2
∂
∂A¯µ W¯ (A¯
µ)G¯µ
]
+ i
1
2r
W¯ (A¯µ) , (2.25)
with
W = − i
2
ǫµνρtr
[
Aµ∂νAρ − 2
3
iAµAνAρ
]
,
∂
∂AµW (A
µ) = − i
2
ǫµνρFνρ . (2.26)
Note that, in the language of SU(2|1) supersymmetry algebra on S2, (Am, ϕ±, λ,
D) transforms as a twisted vector multiplet while (Aµ, ψµ, Gµ) transform as twisted
chiral multiplets. Moreover, the bosonic Lagrangian terms Ltv, Ltc and LW in (2.25)
can be understood as kinetic terms for twisted vector and twisted chiral multiplet,
and twisted superpotential terms. Readers are referred to the Appendix C for details.
3 Localization of the Path Integral
We show in this section that the path integral of 5d N = 2 SYM on S2 ×M3 can
be localized to the path integral of 3d GC Chern-Simons theory on M3 with purely
imaginary Chern-Simons level. To this end, we use the supersymmetric localization
technique.
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3.1 Saddle Point Configurations
Choice of Supercharge In our localization scheme, we choose a particular super-
symmetry generator Q in SU(2|1) which is associated to the following Killing spinors
ξ and ξ¯ in (2.10)
ξ = e+iϕ/2
(
cos θ
2
sin θ
2
)
, ξ¯ = e−iϕ/2
(
sin θ
2
cos θ
2
)
. (3.1)
Here (θ, ϕ) denote the polar coordinates on the two-sphere. Given our choice of
supercharge, we can show that
δ2 = −iLv +Gauge(γ) + Lorentz(Θ) + U(1)R(α) , (3.2)
where
Lv = vM∂M = ξ¯γmξ∂m = −i∂ϕ ,
γ = ivMAM + ξ¯γ
3ξ¯ϕ+ − ξγ3ξϕ− = Aϕ + e−iϕ sin θϕ+ − ǫ+iϕ sin θϕ− ,
Θ = −1
r
ξ¯ξ = −1
r
cos θ ,
α =
1
2r
ξ¯γ3ξ =
1
2r
. (3.3)
Here we normalize the U(1)R charge so that λ and ψ
µ carry +1 R-charge while ϕ±
carry ±2 R-charge. For instance, the square of the supercharge Q2 generates the
following infinitesimal transformation of the fermionic field λ
δ2λ = −iLvλ+ i[γ, λ] + iΘγ
3
2
λ+ iαλ . (3.4)
Ghosts and BRST Symmetry Once introducing the Faddeev-Popov ghost field
c to fix a gauge, one can define the BRST transformation as follows
QBAM = DMc , QBφ
A = i[c, φA] , QBλ = i{c, λ} ,
QBψ = i{c, ψ} , QBD = i[c,D] , QBc = i
2
[c, c] + a0 , (3.5)
where a0 is a constant field. With the above rule, one can show that
Q2B = Gauge(a0) . (3.6)
The fermionic symmetry we use for the localization is Qˆ = Q+QB which is required
to satisfy
Qˆ2 = (Q+QB)2 = −iLv +Gauge(a0) + Lorentz(Θ) + U(1)R(α) . (3.7)
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It leads that the ghost field c should transform under Q as
Qc = − (ivMAM + ξ¯γ3ξ¯ϕ+ − ξγ3ξϕ−) . (3.8)
One can also show that the constant field a0 should satisfy the relations below
Qa0 = QBa0 = 0 . (3.9)
The transformation rules for the anti-ghost fields are given by
QB c¯ = B , QBB = i[a0, c¯] ,
Qc¯ = 0 , QB = −iLv c¯ . (3.10)
To remove the constant modes of c and c¯, denoted by c0 and c¯0, we use the multiplets
of constant fields satisfying
Qˆa¯0 = c¯0 , Qˆc¯0 = i[a0, a¯0] , QˆB0 = c0 , Qˆc0 = i[a0, B0] . (3.11)
Qˆ-exact Deformations We now turn into the choice of Qˆ-exact deformation terms.
It is convenient to choose them as follows
Ldef ≡ QˆV = Qˆ
[
δξ¯
{
tr
[
λ¯γ3λ+ ψ¯µγ
3ψµ
]}
+ tr
[
c¯f + c¯B0 + ca¯0
]]
, (3.12)
which provides positive semi-definite bosonic terms once we impose the standard
reality conditions on the field variables. The deformed Lagrangian also contains the
gauge fixing term,
Ldef = Bf [AM , φA] + · · · , (3.13)
where f [AM , φ
A] is given by, for instance,
f [AM , φ
A] = i∂MAM + Lv
(
ξ¯γ3ξ¯ϕ+ + iv
MAM
)
. (3.14)
Saddle Point Configurations The next step is to find out the saddle point locus
where the given path integral can localize on. With the above choice of supercharge
Qˆ and Qˆ-exact deformation terms, we can describe the supersymmetric saddle point
configurations, satisfying the SUSY condition and the equations of motion from the
deformed action, as follows
ϕ± = F12 = D = 0 , Aµ(xM) = Aµ(xµ) , Gµ = 0 , (3.15)
10
and
f [AM , φA] = 0 . (3.16)
One can easily see from (3.13) that the last condition arises from the equation of
motion for the auxiliary field B.
Note that the saddle point condition for the ghost field, Qˆc = 0, leads to
i
2
[c, c] + a0 −
(
ivM AˆM + ξ¯γ
3ξ¯ϕˆ+ − ξγ3ξϕˆ−
)
= 0 , (3.17)
where ϕˆ± and AˆM satisfy the condition for the saddle point configurations. That is
to say, it turns out that
a0 = 0 . (3.18)
As we will see below, this result (3.18) implies that one-loop determinant is indepen-
dent of the saddle point configurations.
Plugging these saddle points into the Lagrangian, we learn that the path-integral
of the 5d N = 2 theory can be reduced to the path-integral of a GC Chern-Simons
theory on M3 up to a one-loop factor:
Z5d =
∫
DAµ(xν)DA¯µ(xν) , e−
pir
g2
∫
M3
(
LCS(A)−LCS(A¯)
)
Zone-loop(A, A¯) , (3.19)
where we sum over all the possible field-configurations (Aµ, A¯µ) subject to the gauge-
fixing condition (3.14), i.e.,
f [Aµ, φµ] = 0 . (3.20)
We will next compute the one-loop determinant Zone-loop(A, A¯).
3.2 One-loop Determinant
Review From our choice of the Q-exact deformation Ldef = tQˆV (3.12), we can
compute the one-loop determinant around the fixed-point configurations. We will
follow the standard procedure in the literature, see e.g. [28,29]. In terms of a new set
of path-integration variables, one can write
V = (QˆX Ψ)
(
D00 D01
D10 D11
)(
X
QˆΨ
)
, (3.21)
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where X denote collectively bosonic variables while Ψ denote fermionic variables.
One can then obtain the kinetic terms as follows
Ldef = Lb + Lf , (3.22)
where
Lb =
(
X QˆΨ
)(H
1
)(
D00 D01
D10 D11
)(
X
QˆΨ
)
,
Lf =
(
QˆX Ψ
)(D00 D01
D10 D11
)(
1
H
)(
QˆX
Ψ
)
. (3.23)
Note that H = Qˆ2 commutes with the operators Dij. One can show formally the
following relation
(
detKf
det′Kb
)2
=
detΨH
det′X H
=
detCokerD10 H
det′KerD10 H
, (3.24)
where Kf and Kb denote the kinetic operators acting on fermionic and bosonic vari-
ables. Here det′ indicates that bosonic zero modes should be excluded from the
determinant. One can read off from the index below the ratio of determinants
indD10 = TrKerD10
[
e−Ht
]− TrCokerD10 [e−Ht] . (3.25)
Note that 5d N = 2 supersymmetric YM on S2 ×M3 has eighteen bosonic variables
(Am, ϕ±,Aµ, A¯µ, D,Gµ, G¯µ, B) and eighteen fermionic variables (λ, λ¯, ψµ, ψ¯µ, c, c¯). To
compute the index of the operator D10, the new set of path integration variable is
chosen as
Xi = (Am, ϕ+, Aµ, A¯µ; a¯0, B0)
Ψi = (ξ¯γ
3λ¯, c, c¯, ξ¯γmψµ − ξγmψ¯µ) , (3.26)
and their descendants QˆX and QˆΨ. Here i runs from 1 to 9.
Index Computation Recall that the saddle point configurations can be described
as
Am = ϕ± = 0 , Aµ = Aˆµ(xµ) . (3.27)
For simplicity, let us set r = 1 from now on. The index of the operator D10 is
indD10 = TrX
[
e−tH
]− TrΨ [e−tH] , (3.28)
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where the symbol Tr indicates a combined matrix (i.e., over the indices i from 1 to 9
and group indices) and functional trace and
H = Qˆ2 = −iLv + Lorentz(Θ) + Gauge(a0) +RU(1)(α) . (3.29)
It acts on a field O in adjoint representation as follows
e−tHO(xM) = h[O] · e−ia0(xM )tO(x˜M )e+ia0(xM )t , x˜ = e+t∂ϕx , (3.30)
where the factor h[O] encodes the action of H on the vector and U(1)R indices of the
field O. As explained in [30], we ignore terms containing constant fields B0 and a¯0
from V (3.12) in computing the index. These constant fields are thus regarded as
sitting in the kernel of D10 leading to a contribution 2 to the index.
From the equations (3.3) and (3.18) one shows that the operator H is indepen-
dent of the saddle point configurations (3.27). This means that the index of D10
should be independent of Aµ(xν) and A¯µ(xν), leading to trivial one-loop determinant
contributions ! We can therefore conclude that
Zone-loop(A, A¯) = 1 . (3.31)
Let us then compute the index just for the completeness, although it is irrelevant
to the conclusion. Massage the trace of e−Ht over X fields into
TrXi
[
e−tH
]
=
∫
S2×M3
d5x tr
〈
xM
∣∣e−tH∣∣ xM〉
=
∫
M3
d3x tr
〈
xµ
∣∣∣
∫
S2
d2x
〈
xm
∣∣∣e+t∂ϕ · h · e−iα·a0t∣∣∣xm〉∣∣∣ xµ〉
= vol(M3)×
∫
S2
d2x tr
〈
xm
∣∣∣e+t∂ϕ · h · ∣∣∣xm〉 (3.32)
where the symbol tr indicates a matrix trace over i and group indices. We used for
the last equality the fact that a0 = 0. It works similarly for the trace of e
−Ht over Ψ
fields. One can thus reduce the index into the following form
indD10 = vol(M3)× indD10|S2 , (3.33)
where indD10|S2 denotes the index of the operator D10 acting only on the two-sphere.
Since D10|S2 is transversally elliptic, one can apply the Atiyah-Bott localization for-
mula to compute the reduced index:
ind D10|S2 =
∑
p:fixed points
TrX
S2
(p)
(
h
)− TrΨ
S2
(p)
(
h
)
det
(
1− ∂x˜/∂x)∣∣
S2
, (3.34)
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It is obvious to show that there are two fixed points, one of which is the north pole
θ = 0 and another is the south pole θ = π. Near the north pole, the operator eHt
acts on the local coordinate z = θeiϕ as
z˜ = qz , q = e+it . (3.35)
It implies that
det
(
1− ∂x˜/∂x)∣∣
S2
= (1− q)(1− q−1) . (3.36)
One can easily compute the value of h for X and Y fields,
h[Az] = q
−1, h[ξ¯γ3λ¯] = q,
h[Az¯] = q, h[c] = 1,
h[ϕ+] = q
−1, h[c¯] = 1,
(3.37)
and
h[Aµ] = 1, h[ξ¯γzψµ − ξγzψ¯µ] = q,
h[A¯µ] = 1, h[ξ¯γz¯ψµ − ξγz¯ψ¯µ] = 1. (3.38)
Collecting all the results with the similar contribution from the south pole, one obtains
ind D10|S2 =
[
− 2
1− q + 3
]
N
+
[
− 2
1 − q + 3
]
S
+ 2
=
[
− 2− 2
∑
n=1
qn + 3
]
N
+
[
2
∑
n=1
(q−1)n + 3
]
S
+ 2
= − 2
∑
n=1
qn + 2
∑
n=1
(q−1)n + 2× 3 , (3.39)
where the first term in the braket arises from the twisted vector multiplet while
the second from twisted chiral multiplets. Finally the last term in the first line of
(3.39) arises from constant modes of a¯0 and B0. One has to be careful to expand
the expression in the first line into powers in q. This is due to the transversality of
elliptic operators. The correct prescription is to expand the terms from the north
pole in power of q and the terms from the south pole in power of q−1.
Plugging the result (3.31) into the expression (3.19), we finally obtain the following
relation
Z5d SYM =
∫
f [Aµ,φµ]=0
DAµ(xν)DA¯µ(xν) e−
pir
g2
∫
M3
(
Lcs(A)−Lcs(A¯)
)
, (3.40)
where the path-integral is performed over all possible field-configurations satisfying
the gauge fixing condition (3.20). We here restore the scale of the two-sphere S2.
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It has turned out that the action on the r.h.s. of (3.40) is invariant under the
“accidental” GC-gauge transformations, which is larger than the original G-gauge
transformations. However this redundancy is completely fixed by the gauge-fixing
condition f [Aµ, φµ] = 0 in (3.20), making the r.h.s of (3.40) convergent. This means
that the relation (3.40) provides a path-integral definition of the GC Chern-Simons
theory on M3. (3.40).
4 Concluding Remarks
Let us now conclude with more comments on the relations (1.1), (1.2).
Factorization There is a natural generalization of the relation (1.1).
As discussed in appendix A, it is natural to consider the holomorphic partition
function of the analytically continued Chern-Simons theory associated with the classi-
cal saddle point α (A.5). This is the basic building block for the full GC Chern-Simons
partition function (A.4).
The relation (1.1) can be thought of as a 5d lift of the relation (A.6). Similarly,
we expect to have a 5d lift of the relation (A.7)
Zα5d SYM[D ×M3] = Zα3d CS[M3] , (4.1)
where D is a 2d cigar (disc); a cigar asymptotes at infinity to a cylinder, with a U(1)
symmetry along the extra dimensional direction. Reducing along this S1 one obtains
D/U(1) = R≥0, with the tip of the cigar corresponding to the endpoint of R≥0. The
label α represents the boundary condition of the 5d gauge theory at infinity of the
cigar.
It would be interesting to directly derive the expression (4.1) from the 5d local-
ization of the N = 2 theory. If we can show this, it follows automatically from (1.1),
(4.1) and (A.4) that
Z5d SYM[S
2 ×M3] =
∑
α,α¯
nα,α¯ Z
α
5d SYM [D ×M3] Z α¯5d SYM[D¯ ×M3] , (4.2)
where nα,α¯ ∈ Z and D¯ is a cigar with orientation reversed.
6d Lift We expect for consistency that there are further lifts of the relations (1.1),
(4.1) to 6d, which is natural from the discussion in appendix A (cf. [31]):
Z6d (2, 0)[(S
1 × S2)q ×M3] = Z3d CS[M3] , (4.3)
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and
Zα6d (2, 0)[(S
1 ×D)q ×M3] = Zα3d CS[M3] , (4.4)
where (S1 × S2)q and (S1 × D)q represents twist by the U(1) isometry of the S2
(D) along the S1 direction. This twist is the 6d lift of the similar twist for the 3d
superconformal index on S1 × S2.
Since the 5d N = 2 theory is believed to be equivalent with the 6d (2, 0) theory
on S2 with finite radius R (as far as the BPS sectors are concerned), the dependence
of the 6d index on twist parameter q is already captured by the dependence of the 5d
partition function on the 5d gauge coupling constant g. However, for 6d intepretation
we need to resum the perturbative series expansion in GC Chern-Simons theory (ex-
panded with respect to power series in t) into a power series expansion with respect
to q ∼ e−R ∼ e−g2 (cf. [32]).
General Gauge Groups As already stated in introduction, our result (1.1) strongly
suggests that the 3d/3d duality should be generalize to a general gauge group G
and their complexifications. Most of the works in the literature deals with the case
GC = SL(2,C). The case of GC = SL(N,C) with N > 2 can be deal with from the
mathematical work of [33], see also [34] for recent discussion. For ADE gauge groups,
we expect 3d N = 2 theory TG[M ] should arise from the boundaries of the 4d N = 2
theories of class S, similar to the cases discussed in [1–5, 7].
Strong Coupling Limit In the relation (1.2), the 6d limit (i.e. the strong coupling
limit) g → ∞ corresponds to the limit t → 0, which represents a highly quantum
regime of the Chern-Simons theory (A.1). We can trade this with the classical limit
t→∞ under the S-duality of the Chern-Simons theory t→ t′ ∼ t−1, which originates
from the S-duality of the twisted 4d N = 4 SYM.6
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Appendix
A 3d Complex Chern-Simons
In this appendix we provide minimal lightening review of the 3d Chern-Simons theory
with a non-compact gauge group GC [19, 35], and their relation with the 5d N = 2
SYM. We mostly focus on the GC = SL(N,C) case.
Let us consider a 3-manifold M3, and an SL(N,C) flat connection A on M3. We
denote the complex conjugate of A by A¯. The Lagrangian of the theory is given by
LCS[A, A¯] = t
8π
LCS[A] + t¯
8π
LCS[A¯]
=
t
8π
Tr
(
A∧ dA− 2i
3
A∧A ∧A
)
+
t¯
8π
Tr
(
A¯ ∧ dA¯ − 2i
3
A¯ ∧ A¯ ∧ A¯
)
,
(A.1)
where t = k + iσ (k, σ ∈ R) is the complexified level. The parameter k, the ordinary
level, is quantized as usual k ∈ Z 7, whereas the imaginary level σ can be chosen to
be a continuous parameter.
The partition function of the theory is defined by
ZSL(N) CS[M3] =
∫
DADA¯ ei
∫
M3
LCS[A,A¯] . (A.2)
The fact that the gauge group is non-compact means that the trace Tr in (A.1) is not
positive definite. This causes a problem for the Yang-Mills kinetic terms, making the
energy unbounded from below. However this is not problem for the Chern-Simons
theory which has a trivial Hamiltonian.
The level t plays the role of the inverse Planck constant, and we can choose to
do the perturbative expansion. The classical saddle points are given by the solutions
of the equations of motion FA = F¯A¯ = 0, which is locally trivial but global can be
7The Lagrangian (A.1) relies on the choice of the trivialization of the gauge bundle, and the
partition function is independent of this choice only when k ∈ Z.
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non-trivial due to the presence of Wilson lines. The moduli space of the classical
solutions are the moduli space of flat connections:
Mflat = Hom(π1(M), SL(N,C)) , (A.3)
Let us label the holomorphic (anti-holomorphic) flat connections by α (α¯).
Let us expand the path-integral around the classical flat connections α, α¯. Since
the Lagrangian (A.1) is written as a sum of the holomorphic and the anti-holomorphic
part, the expansion around the classical solution also factorizes into the holomorphic
part Zα(t) and the anti-holomorphic part Z¯α¯(t¯). However this factorization breaks
down when we choose to sum over the flat connections:8
ZCS(t, t¯) =
∑
α,α¯
nα,α¯Z
α(t)Z¯ α¯(t¯) , (A.4)
for some integer coefficient cα,α¯. The holomorphic (anti-holomorphic) partition func-
tion Zα (Z¯α¯) can be obtained by evaluating the path integral (A.2) over a middle-
dimensional integration cycle Cα (Cα¯), defined by the downward Morse flow from the
saddle point α (α¯) with respect to the real part of the action:9
Zα(t) =
∫
Cα
DA ei t8pi
∫
M3
LCS[A] , (A.5)
Relation with the 6d (2, 0) Theory Let us next quickly explain why this theory
is related to the 5d N = 2 SYM discussed in this paper, and how it is related to 3d
N = 2 theories (cf. [4]).
Let us begin with the 6d (2, 0) theory on S1 × S2 × M . The 2-sphere S2 can
be thought of as a S˜1-fibration over an interval I, where the S˜1 fiber shrinks at the
endpoint of I. By compactifying the 6d (2, 0) theory on S1 × S˜1, we have the the 4d
N = 4 theory on I ×M discussed in [19, 20].
Since M3 is a curved manifold we need to topologically twist the 4d N = 4 the-
ory. The natural twist here is the one in [26,27], which is discussed in the context of
geometric Langlands correspondence [36]; this mixes the SO(3)R part of the SO(6)R
R-symmetry with the rotational SO(3) of the tangential directions of M3. As ex-
plained in [36], there is a CP1-family of such topological twist, and the resulting
theory depends only on a single parameter Ψ, which is a some combination of the 4d
8 The equation (A.4) follows from the fact that the real integration cycle of the (GC)C = GC×GC
theory decomposes into the linear combination of Cα × Cα¯.
9 This partition function is sometimes loosely referred to as that of the GC Chern-Simons theory.
However in our terminology the GC Chern-Simons theory refers to the full partition function (A.4),
and the holomorphic partition function (A.5) should rather be thought of as a analytic continuation
of the SU(N) Chern-Simons theory.
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theta-angle and the point p on CP1. This topological twist complexifies the gauge
field Aµ along M3 into Aµ = Aµ + iφµ, where φµ’s are the three scalars out of the
six scalars in 4d N = 4 theory. The Lagrangian of the topologically twisted theory
is Q-exact, except that there are boundary contributions which are given by complex
Chern-Simons terms for Aµ, with level t = Ψ/2 [36]. In our case, since we have two
boundaries we have two Chern-Simons terms, with opposite Chern-Simons levels due
to orientation reversal, leading to
Z4d G N =4[I ×M3] = Z3d GC CS[M3] . (A.6)
We can instead consider the 4d N = 4 SYM on a half-line R≥0 × M3. The
discussion is similar with a complex CS term induced on the boundary, except that
we not have to specify that boundary condition at the infinity of R≥0. This is specified
by a flat SL(N) connection, which we again label by α.
Zα4d G N =4[R≥0 ×M3] = Zα3d GC CS[M3](t) . (A.7)
Lifting the story back to 5d, the interval is lifted to S2 and we have the 5d N = 2
SYM on S2 ×M3. This means that the result derived in the main text (1.1) is a
5d lift of the relation (A.6). In particular the fact that the two Chern-Simons terms
have opposite levels matches nicely with the result from the localization computation
(3.40), provided t is imaginary.10
Similarly, we can lift the half-line R≥0 in (A.7) to a two-dimensional cigar (disc)
D with a boundary condition labeled by α, leading to the natural relation (4.1). In
this setup, the factorized form (A.4) of the 3d Chern-Simons theory is now translated
into the geometrical factorization of the S2 into two cigars D.
Finally, we can go back to the 6d (2, 0) theory on S2 × S1 ×M , and choose to
first compactify on the 3-manifold M3 to obtain the theory T [M3] on S1 × S2. The
partition function on S1 × S2, or the 3d superconformal index, is known to take a
factorized form, which is the counterpart of (A.4) [37, 38]. In 3d N = 2 theory the
label α represents the vacuum of the theory compactified on S1, and the level t is
related with the fugacity q of the 3d index, where the latter parameter is identified
with the same parameter in the 6d (2, 0) theory in (4.3), (4.4).
B 5d N = 1 SYM on S2 × R3
This section is for those who are interested in the 5d SYM theory on S2 × R3. It
turns out that one can construct the physical (i.e., non-twisted) five-dimensional
10This happens when the parameter Ψ is imaginary, for example when the 4d theta-angle is trivial
and the point p on CP1 lies on the real axis.
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gauge theory with eight supercharges on S2 × R3 while preserving the full SU(2) R-
symmetry. As mentioned in the beginning of section 2, the Lagrangian present below
has to break the R-symmetry SU(2) completely once we replace R3 byM3. Thus, the
theory below will not be directly related with the 3d/3d correspondence. Nevertheless
the physical theory S2×R3 itself could be of interest from other perspectives and we
report on our construction in this appendix.
B.1 N = 1 Supersymmetry on S2 × R3 and Lagrangian
Vector Multiplet Let us begin with the 5d N = 1 pure SYM on S2 × R3. An
N = 1 vector multiplet consists of a gauge field AM , a real scalar field σ, and gaugino
field λa where a denotes SU(2)R indices. The SUSY variation rules for the theory on
the flat space R5 are given by
δ(0)AM = iǫ
abεaΓMλb ,
δ(0)σ = ǫabεaλb ,
δ(0)λa = −1
2
ΓMNεaFMN + iΓ
MεaDMσ + εbDacǫ
bc ,
δ(0)Dab = −i
(
εaΓ
MDMλb + εbΓ
MDMλa
)
+ i [σ, εaλb + εbλa] , (B.1)
where Dab = Dba.
In order to put the 5d N = 1 pure SYM on S2 × R3, one needs to introduce
additional terms to the variation rules above, coupled to the curvature of S2. The
supersymmetry transformation parameters εI also have to satisfy a Killing spinor
equation on the two-sphere S2
∇mεa = Γmε˜a , ∂µεa = 0 (B.2)
with
ε˜a = − i
2r
Γ12εa . (B.3)
The SUSY variation rules consistent to those in the two-sphere S2 takes the following
form
δλa = δ
(0)λa + 2iσε˜a , (B.4)
while all other variations are unmodified. One can show that this modified super-
symmetry algebra closes off-shell. The commutator [δη, δε] on the vector multiplet
reads
[
δη, δε
]
= −iLv + Lorentz(Θ) + Gauge(γ) + SU(2)R(α) , (B.5)
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where
Lv = vM∂M =
(
2ǫabηaΓ
Mεb)∂M ,
γ = ivMAM + ǫ
abηaεbσ ,
Θ =
2i
r
ǫabηaεb ,
αb
a
=
1
r
(
ηaΓ12ε
b + ηbΓ12εa
)
. (B.6)
The supersymmetry algebra on S2 × R3 therefore becomes a hybrid of OSp(3|2) Lie
superalgebra and the super Poincare´ algebra in R3.
Supersymmetric Lagrangian The N = 1 pure SYM Lagrangian is given by
L = 1
g2
tr
[1
4
F 2MN +
1
2
(
DMσ
)2
+
i
2
ǫabλaΓ
MDMλb − i
2
ǫabλa [σ, λb]− 1
2
DabD
ab
+
σ2
2r2
− σ
2r
ǫmnFmn
]
− i
2rg2
ǫµνρtr
[
Aµ∂νAρ − 2i
3
AµAνAρ
]
, (B.7)
where r denotes the radius of two-sphere. Here the dimensionless 3d Chern-Simons
level k = 8pi
2r
g2
is quantized. Note the presence of the the term ‘σ
r
F12’, which leads to
an obstruction for constructing the physical N = 2 SYM theory on S2×R3 respecting
either Sp(4)R or SO(3)R × SO(2)R R-symmetry.
Comment on the Reduction to S2 In the language of 2d N = (2, 2) supersym-
metry on S2, i.e. SU(2|1), the 5d N = 1 pure SYM Lagrangian can be understood as
a theory involving a vector multiplet and a chiral multiplet in adjoint representation.
In order to see this, one first needs to identify U(1) ⊂ SU(2)R as the R-symmetry
group of SU(2|1). However, this identification prevents us from performing the topo-
logical twist along R3.
The supersymmetry parameter εa can be then decomposed as
εa =
1√
2
(
ξaa˙ ⊗ ε+a − (γ3ξ¯)aa˙ ⊗ ε−a
)
, (B.8)
where
Dmξaa˙ = +
1
2r
γmγ
3ξaa˙ , Dmξ¯aa˙ = − 1
2r
γmγ
3ξ¯aa˙ . (B.9)
and
ε+ =
(
1
0
)
, ε− =
(
0
1
)
. (B.10)
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Here a denote the spinor indices on S2 while a˙ denotes spinor indices on R3. Per-
forming the KK reduction, one can reduce the 5d N = 1 SYM down to 2d N = (4, 4)
supersymmetric theory on the two-sphere. The rotation symmetry SO(3)R3 can be
now identified as SU(2) of the N = (4, 4) supersymmetry algebra SU(2|2). Choosing
ξaa˙ = ξa ⊗ ε+a˙ , ξ¯aa˙ = ξ¯a ⊗ ε−a˙ , (B.11)
further breaks the supersymmetry down to N = (2, 2). For later convenience, let us
decompose the gaugino field λa into the following form
λa = − 1√
2
(
λa ⊗ ε+a˙ + i(γ3ψ)a ⊗ ε−a˙
)
⊗ ε+
a
+
1√
2
(
(γ3λ¯)a ⊗ ε−a˙ − iψ¯a ⊗ ε+a˙
)
⊗ ε−
a
(B.12)
Given the above reduction to 2dN = (2, 2), one can show that the above 5dN = 1
SUSY transformation rules and the supersymmetric Lagrangian can be reduced to
those of a vector multiplet (Am, σ, A5, λ) and an adjoint chiral multiplet (A3, A4, ψ)
with R-charge q = 0 [16, 17]: Upon KK reduction, it is illustrative to rewrite the
bosonic part of the Lagrangian (B.7)
Lb = Lv + Lc (B.13)
with
Lv = 1
g2
tr
[1
2
(F12 − σ
r
)2 + (Dmσ)
2 + (DmA5)
2 − [σ,A5]2 +D2
]
, (B.14)
Lc = 1
2g2
tr
[
Dmφ¯Dmφ−
[
σ, φ¯
][
σ, φ
]− [A5, φ¯][A5, φ]+ iφ¯[D, φ]− i
r
φ¯
[
A5, φ
]
+ F¯F
]
,
where the former is the SU(2|1) invariant kinetic Lagrangian for the vector multiplet
while the latter is the kinetic terms for the adjoint chiral multiplet. It is obvious
that this theory should not be embedded into the model we studied in the main text
where the latter can be reduced to N = (2, 2) twisted gauge theory on S2.
C N = (2, 2) Twisted Multiplets on S2
In this appendix we review the construction of Euclidean two-dimensional N = (2, 2)
gauge theories involving a twisted vector multiplet and charged twisted chiral multi-
plets studied in [18, 39].
22
Twisted Vector Multiplet An N = (2, 2) twisted vector multiplet contains a
gauge field Am, two real scalar fields ϕ, ϕ¯ and gaugino field η. The SU(2|1) represen-
tation on this multiplet is given by
δϕ =− ξγ3η ,
δϕ¯ =− ξ¯γ3η¯ ,
δAm =
1
2
(
ξγmη¯ + ξ¯γ
mη
)
,
δη = iγmγ3Dm(ξ¯ϕ) +
i
2
ξ
[
ϕ¯, ϕ
]
+ (iF12 −D)γ3ξ ,
δη¯ = iγmγ3Dm(ξϕ¯) +
i
2
ξ¯
[
ϕ¯, ϕ
]− (iF12 +D)γ3ξ¯ ,
δD =− i
2
(
Dm(ξγ
mγ3η¯ + ξ¯γmγ3η) +
[
ϕ, ξ¯η¯
]− [ϕ¯, ξη]) , (C.1)
The U(1)R charges of the component fields are summarized in the table below
Am ϕ ϕ¯ χ χ¯ D
U(1)R 0 +2 −2 +1 −1 0 (C.2)
Twisted Chiral Multiplet Let us then consider a twisted chiral multiplet in rep-
resentation R under the gauge group G. It contains a complex scalar field Y , a
complex Dirac spinor χ, and an auxiliary field G. On the two-sphere, the SU(2|1)
supersymmetry transformation rules for the component fields are given by
δY = ξ¯γ−χ− ξγ+χ ,
δY¯ = ξ¯γ+χ¯− ξγ−χ¯ ,
δχ = iγmγ+ξDmY − iγmγ−ξ¯DmY − iγ−ξ¯ϕY + iγ+ξϕ¯Y
− γ−ξG+ γ+ξ¯G ,
δχ¯ = iγmγ−DmY¯ − iγmγ+DmY¯ + iγ+ξ¯Y¯ ϕ− iγ−ξY¯ ϕ¯
− γ+ξG¯+ γ−ξ¯G¯ ,
δG = iξγ−
(
γmDmχ− η¯Y − ϕ¯χ
)
− iξ¯γ+
(
γmDmχ− ηY − ϕχ
)
,
δG¯ = iξγ+
(
γmDmχ¯+ Y¯ η¯ + χ¯ϕ¯
)
− iξ¯γ−
(
γmDmχ¯ + Y¯ η + χ¯ϕ
)
. (C.3)
The U(1)R charges of the component fields are summarized in the table below
Y Y¯ χ− χ+ χ¯− χ¯+ G G¯
U(1)R 0 0 +1 −1 −1 +1 0 0 (C.4)
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Supersymmetric Lagrangian The kinetic Lagrangian for an N = (2, 2) twisted
vector multiplet takes the following form
Ltv = 1
2
tr
[
F 212 +Dmϕ¯Dmϕ +
1
4
[
ϕ, ϕ¯
]2 − iη¯γmDmη − i
2
η¯γ3
[
ϕ, η¯
]
+
i
2
ηγ3
[
ϕ¯, η
]
+D2 − i
r
η¯γ3η
]
. (C.5)
The N = (2, 2) twisted chiral multiplets, minimally coupled to the twisted vector
multiplet, have the kinetic Lagrangian
Ltc = DmY¯ DmY + 1
2
Y¯ {ϕ, ϕ¯}Y + iY¯ DY + iχ¯γmDmχ+ iχ¯
(
ϕγ+ + ϕ¯γ−
)
χ
+ iY¯
(
γ−η + γ+η¯
)
χ− iχ¯(γ+η + γ−η¯)Y + G¯G , (C.6)
which is invariant under the SU(2|1) SUSY transformation. Twisted superpotential
couplings for the twisted chiral multiplet can be written in terms of a holomorphic
function W (Y ). The interaction terms
LW =− iW ′(Y )G−W ′′(Y )χγ−χ + i
r
W (Y ) ,
LW¯ =− iW¯ ′(Y¯ )G¯− W¯ ′′(Y¯ )χ¯γ+χ¯ +
i
r
W¯ (Y¯ ) , (C.7)
are invariant under the above SU(2|1) SUSY transformation rules.
Remark The Lagrangian and the supersymmetry transformations discussed in this
appendix coincide with those discussed in section 2 when the latter are compactified
along M3. The identification of various component fields are given by
ϕ+ = ϕ , ϕ− = ϕ¯ , A = Y , A¯ = Y¯ ,
λ = η , λ¯ = −η¯ , ψ+ = −χ¯+ , ψ− = −χ− , ψ¯+ = −χ+ , ψ¯− = −χ¯− . (C.8)
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